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Abstract
Suppose A is a Banach algebra and suppose f :A → A is an approximate ring derivation in the
sense of Hyers–Ulam–Rassias. This stability phenomenon was introduced for the first time in the
subject of functional equations by Th.M. Rassias [Th.M. Rassias, On the stability of the linear map-
ping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978) 297–300]. If A has an approximate identity,
or if A is semisimple and commutative, then we prove that f is an exact ring derivation.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction and results
Let A be a real or complex Banach algebra. A mapping D :A → A is said to be a ring
derivation if
D(a + b) = D(a) + D(b) (∀a, b ∈ A),
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If, in addition, D is homogeneous, that is,
D(λa) = λD(a) (∀λ ∈ F, ∀a ∈ A),
then D is a linear derivation, where F denotes the scalar field of A. I.M. Singer and J. Wer-
mer [16] proved that the image of a continuous linear derivation on a commutative Banach
algebra is contained in the (Jacobson) radical: they also conjectured that the same result
holds even for discontinuous linear derivations. M.P. Thomas [19] solved the problem af-
firmatively, that is, he proved that a linear derivation D on a commutative Banach algebra
maps into the radical even if D is discontinuous. As a direct consequence, we see that there
are no non-zero linear derivations on a semisimple commutative Banach algebra, which had
been proved by B.E. Johnson [9]. On the other hand, it is not the case for ring derivations.
Indeed, there are ring derivations which do not map into the radical. It seems that there ex-
ists a non-zero ring derivation on the complex number field C (cf. [3]). If one consider ring
derivations on infinite dimensional Banach algebras, then the situation is quite different. In
fact, O. Hatori and J. Wada [5] proved that only the zero operator is a ring derivation on
a semisimple commutative Banach algebra with the maximal ideal space without isolated
points. In the same paper, Hatori and Wada also determined a representation of ring deriva-
tions on a semisimple commutative Banach algebra. Independently, P. Šemrl [18] gave a
representation of ring derivations on a function algebra.
It is of interest to consider an approximate ring derivation on a Banach algebra. First of
all, does there exist an approximate ring derivation f which is not an exact ring derivation?
If such a mapping f do exist, then it seems natural to consider the following stability
problem: does there exist an exact ring derivation near to f ? The following example gives
a negative answer to the problem above. It should be mentioned that Example 1.1 below is
a slight modification of an example given by P. Šemrl [17, p. 99]. In fact, Šemrl considered
an approximate ring derivation on a commutative Banach algebra CR(X) of all real-valued
continuous functions on a compact Hausdorff space X: however, the idea is essentially due
to B.E. Johnson [10, p. 314].
Example 1.1. Let X be a compact Hausdorff space without isolated points. We denote by
C(X) the commutative Banach algebra of all complex-valued continuous functions on X
under pointwise operations and the supremum norm ‖ · ‖∞. Let us consider the mapping
f :C(X) → C(X) defined by
f (a)(x)
def=
{
a(x) log |a(x)| if a(x) = 0,
0 if a(x) = 0
(∀a ∈ C(X), ∀x ∈ X).
It is easy to see that
f (ab) = af (b) + f (a)b
for every a, b ∈ C(X). Note that the following inequality holds for every z,w ∈ C \ {0},
z + w = 0:∣∣(z + w) log |z + w| − z log |z| − w log |w|∣∣ |z| + |w|.
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we get∣∣(z + w) log |z + w| − z log |z| − w log |w|∣∣
 |z|
∣∣∣∣log |z + w||z|
∣∣∣∣+ |w|
∣∣∣∣log |z + w||w|
∣∣∣∣
 |z| log
(
1 + |w||z|
)
+ |w| log
(
1 + |z||w|
)
 |z| |w||z| + |w|
|z|
|w| = |z| + |w|.
As an easy consequence, we see that∥∥f (a + b) − f (a) − f (b)∥∥∞  ‖a‖∞ + ‖b‖∞
for all a, b ∈ C(X). So, we may regard f as an approximate ring derivation on C(X).
Recall that only the zero operator is a ring derivation since the maximal ideal space X of
C(X) has no isolated points (cf. [5, Corollary 2]). On the other hand,
sup
a∈C(X)\{0}
‖f (a)‖∞
‖a‖∞ = ∞
because supλ∈C\{0} log |λ| = ∞, and so we conclude that f is not near to the zero operator,
the unique ring derivation on C(X).
To get the stability result, we consider another type of approximate ring derivations on a
Banach algebra. Suppose A is a Banach algebra, p  0 and ε  0. We consider a mapping
f :A → A with the following properties:∥∥f (a + b) − f (a) − f (b)∥∥ ε(‖a‖p + ‖b‖p) (∀a, b ∈ A), (1)∥∥f (ab) − af (b) − f (a)b∥∥ ε‖a‖p‖b‖p (∀a, b ∈ A). (2)
It seems that the stability problem of this kind was first studied by D.H. Hyers [6], which
was raised by S.M. Ulam [21, Chapter VI]: “For what metric groups G is it true that an
ε-automorphism of G is necessarily near to a strict automorphism?” An answer has been
given in the following way. Let E1,E2 be two real Banach spaces and f :E1 → E2 be
a mapping. In 1941, Hyers [6] gave an answer to the problem above as follows: if there
exists an ε  0 such that∥∥f (x + y) − f (x) − f (y)∥∥ ε
for all x, y ∈ E1, then there exists a unique additive mapping T :E1 → E2 such that
‖f (x) − T (x)‖  ε for every x ∈ E1. This result is called the Hyers–Ulam stability of
the additive Cauchy equation g(x + y) = g(x) + g(y).
In 1978, Th.M. Rassias [11] introduced a new functional inequality that we call Cauchy–
Rassias inequality and succeeded to extend the result of Hyers’ by weakening the condition
for the Cauchy difference to be unbounded: if there exist an ε  0 and 0 p < 1 such that∥∥f (x + y) − f (x) − f (y)∥∥ ε(‖x‖p + ‖y‖p)
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for every x ∈ E1 (see [7,8,12–14]). This stability phenomenon of this kind is called the
Hyers–Ulam–Rassias stability. In 1991, Z. Gajda [4] solved the problem for 1 < p, which
was raised by Rassias. In fact, the result of Rassias is valid for 1 < p; moreover, Gajda
gave an example that a similar stability result does not hold for p = 1. Another example
was given by Th.M. Rassias and P. Šemrl [15, Theorem 2].
An approximate homomorphism may become an exact homomorphism automatically.
In fact, D.G. Bourgin [2] proved the following result, which is sometimes called the super-
stability of ring homomorphisms. Suppose A and B are Banach algebras and suppose B is
with unit. If f :A → B is a surjective mapping such that∥∥f (a + b) − f (a) − f (b)∥∥ ε (∀a, b ∈ A),∥∥f (ab) − f (a)f (b)∥∥ δ (∀a, b ∈ A)
for some ε  0 and δ  0, then f is a ring homomorphism, that is,
f (a + b) = f (a) + f (b) and f (ab) = f (a)f (b)
for all a, b ∈ A.
J.A. Baker [1] proved that if f is a mapping from a semigroup S into C satis-
fying |f (a + b) − f (a)f (b)|  ε (∀a, b ∈ S) for some ε  0, then either |f (a)| 
(1 + √1 + 4ε)/2 for all a ∈ S or f is multiplicative, that is, f (a + b) = f (a)f (b) for
all a, b ∈ S.
The purpose of this paper is to prove the stability of ring derivations, which was raised
by S. Watanabe [20]. In fact, under a mild assumption that A is without order, we show the
Bourgin-type superstability result. More explicitly, under the assumption above, we prove
that every approximate ring derivation is an exact ring derivation. Recall that a Banach
algebra A is not without order if there exist x0, y0 ∈ A \ {0} such that x0A = Ay0 = {0}:
for example, both semisimple commutative Banach algebras and Banach algebras with
approximate identities are without order. Now we are in a position to state our main results.
Theorem 1. Suppose A is a Banach algebra without order. If f :A → A is a mapping
satisfying (1) and (2) for some ε  0 and p  0, p = 1, then f is a ring derivation.
Theorem 2. Suppose A is a commutative Banach algebra with the maximal ideal
space MA. If f :A → A is a mapping satisfying (1) and (2) for some ε  0 and p  0,
p = 1, then there exists a ring derivation D :A → A such that f̂ (a) = D̂(a) for every
a ∈ A, where ·̂ denotes the Gelfand transform.
Corollary 3. Suppose A is a semisimple commutative Banach algebra with the maximal
ideal space MA without isolated points. If f :A → A satisfies (1) and (2) for some ε  0,
p  0, p = 1, then f is identically zero.
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Lemma 4. Suppose A is a Banach algebra and f :A → A is a mapping satisfying (1)
and (2) for some ε  0 and p  0. If p = 1, then there is a unique ring derivation
D :A → A such that∥∥f (a) − D(a)∥∥ 2ε|2 − 2p| ‖a‖p (3)
for all a ∈ A.
Proof. Suppose p = 1. By (1), it follows from [4,11] (see [6]) that there exists a unique
additive mapping D :A → A such that (3) holds for every a ∈ A. So, we need to show that
D(ab) = aD(b) + D(a)b
for all a, b ∈ A. Put s = (1 − p)/|1 − p|, and fix a, b ∈ A arbitrarily. Since D is additive,
we see that D(a) = n−sD(nsa) for each n ∈ N, the set of all natural numbers. Now it
follows from (3) that∥∥n−sf (nsa)− D(a)∥∥= n−s∥∥f (nsa)− D(nsa)∥∥
 n−s 2ε|2 − 2p|
∥∥nsa∥∥p = ns(p−1) 2ε|2 − 2p| ‖a‖p
for all n ∈ N. Since s(p − 1) < 0, we obtain∥∥n−sf (nsa)− D(a)∥∥→ 0 as n → ∞. (4)
Note that (4) is valid for b in place of a. A quite similar argument to the above shows that∥∥n−2sf (n2sab)− D(ab)∥∥ n2s(p−1) 2ε|2 − 2p| ‖ab‖p
for all n ∈ N, and hence∥∥n−2sf (n2sab)− D(ab)∥∥→ 0 as n → ∞. (5)
Since f satisfies (2), we get∥∥n−2sf (n2sab)− n−saf (nsb)− f (nsa)n−sb∥∥
= n−2s∥∥f ((nsa)(nsb))− nsaf (nsb)− f (nsa)nsb∥∥
 n−2sε
∥∥nsa∥∥p∥∥nsb∥∥p = n2s(p−1)ε‖a‖p‖b‖p
for all n ∈ N. Recall that s(p − 1) < 0, and hence∥∥n−2sf (n2sab)− n−saf (nsb)− f (nsa)n−s∥∥→ 0 as n → ∞. (6)
Now it follows from (4)–(6) that∥∥D(ab) − aD(b) − D(a)b∥∥

∥∥D(ab) − n−2sf (n2sab)∥∥+ ∥∥n−2sf (n2sab)− n−saf (nsb)− n−sf (nsa)b∥∥
+ ∥∥n−saf (nsb)− aD(b)∥∥+ ∥∥n−sf (nsa)b − D(a)b∥∥

∥∥D(ab) − n−2sf (n2sab)∥∥+ ∥∥n−2sf (n2sab)− n−saf (nsb)− f (nsa)n−sb∥∥
+ ‖a‖∥∥n−sf (nsb)− D(b)∥∥+ ∥∥n−sf (nsa)− D(a)∥∥‖b‖ → 0 as n → ∞.
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That is, D is a ring derivation, and the proof is complete. 
Lemma 5. Suppose A is a Banach algebra and f :A → A is a mapping satisfying (1)
and (2) for some ε  0 and p  0. If p = 1, then
x
{
f (ra) − rf (a)}= {f (ra) − rf (a)}x = 0
for every x ∈ A, a ∈ A and r ∈ Q \ {0}, where Q denotes the rational number field.
Proof. Pick x ∈ A, a ∈ A and r ∈ Q arbitrarily. Put s = (1 − p)/|1 − p|. By Lemma 4,
there exists a unique ring derivation D :A → A such that (3) holds true. Recall that D is
additive, and so it is easy to see that D(rb) = rD(b) for every b ∈ A. Fix n ∈ N arbitrarily,
and we get∥∥D((nsx)(ra))− rnsxf (a) − f (nsx)ra∥∥
 r
∥∥D(nsxa)− f (nsxa)∥∥+ r∥∥f (nsxa)− nsxf (a) − f (nsx)a∥∥. (7)
It follows from (2), (3) and (7) that∥∥D((nsx)(ra))− rnsxf (a) − f (nsx)ra∥∥
 r 2ε|2 − 2p|
∥∥nsxa∥∥p + rε∥∥nsx∥∥p‖a‖p
 nspr
{
2ε
|2 − 2p| + ε
}
‖x‖p‖a‖p. (8)
By (3) and (8), we get∥∥f ((nsx)(ra))− rnsxf (a) − f (nsx)ra∥∥

∥∥f ((nsx)(ra))− D((nsx)(ra))∥∥+ ∥∥D((nsx)(ra))− rnsxf (a) − f (nsx)ra∥∥
 2ε|2 − 2p|
∥∥(nsx)(ra)∥∥p + nspr{ 2ε|2 − 2p| + ε
}
‖x‖p‖a‖p
 nsp
{
2ε
|2 − 2p|
(
rp + r)+ rε}‖x‖p‖a‖p.
We thus obtain∥∥f ((nsx)(ra))− rnsxf (a) − f (nsx)ra∥∥
 nsp
{
2ε
|2 − 2p|
(
rp + r)+ rε}‖x‖p‖a‖p. (9)
From (2) and (9), it follows that∥∥nsx{f (ra) − rf (a)}∥∥

∥∥nsxf (ra) + f (nsx)ra − f ((nsx)(ra))∥∥
+ ∥∥f ((nsx)(ra))− rnsxf (a) − f (nsx)ra∥∥
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∥∥nsx∥∥p‖ra‖p + nsp{ 2ε|2 − 2p|(rp + r)+ rε
}
‖x‖p‖a‖p
= nsp(rp + r){ 2ε|2 − 2p| + ε
}
‖x‖p‖a‖p.
This implies that∥∥x{f (ra) − rf (a)}∥∥ ns(p−1)(rp + r){ 2ε|2 − 2p| + ε
}
‖x‖p‖a‖p. (10)
Since s(p − 1) < 0 and since n ∈ N was arbitrary, if we let n → ∞ in (10), then we obtain
‖x{f (ra) − rf (a)}‖ = 0.
A quite similar argument to the above shows that∥∥{f (ra) − rf (a)}x∥∥ ns(p−1)(rp + r){ 2ε|2 − 2p| + ε
}
‖x‖p‖a‖p,
which proves that {f (ra) − rf (a)}x = 0. Since x ∈ A, a ∈ A and r ∈ Q were arbitrary,
this completes the proof. 
3. A proof of the results
Proof of Theorem 1. Let D be a unique ring derivation as in Lemma 4. Fix n ∈ N arbi-
trarily, and put s = (1−p)/|1−p|. It follows from Lemma 5 that f (nsa) = nsf (a) is true
for every a ∈ A: Indeed, if f (nsa0) = nsf (a0) for some a0 ∈ A, then it would follow from
Lemma 5 that{
f
(
nsa0
)− nsf (a0)}x = x{f (nsa0)− nsf (a0)}= 0
for all x ∈ A, which would be a contradiction because A is assumed to be without order.
Now we get from (3) that∥∥f (a) − D(a)∥∥= ∥∥n−sf (nsa)− n−sD(nsa)∥∥
 n−s 2ε|2 − 2p|
∥∥nsa∥∥p = ns(p−1) 2ε|2 − 2p| ‖a‖p
for every a ∈ A. That is,∥∥f (a) − D(a)∥∥ ns(p−1) 2ε|2 − 2p| ‖a‖p (∀a ∈ A). (11)
Since s(p − 1) < 0 and since n ∈ N was arbitrary, if we let n → ∞ in (11), then we
obtain ‖f (a) − D(a)‖ = 0 for every a ∈ A, which shows that f is a ring derivation. This
completes the proof. 
Proof of Theorem 2. Pick a ∈ A and n ∈ N arbitrarily, and put s = (1 − p)/|1 − p|.
To each ϕ ∈ MA there corresponds an x0 ∈ A such that x̂0(ϕ) = 0, where ·̂ denotes the
Gelfand transform. If we apply Lemma 5, then we obtain x0{f (nsa)− nsf (a)} = 0. Since
x̂0(ϕ) = 0, we see that f̂ (nsa)(ϕ) − nsf̂ (a)(ϕ) = 0, and hence f̂ (nsa)(ϕ) = nsf̂ (a)(ϕ)
T. Miura et al. / J. Math. Anal. Appl. 319 (2006) 522–530 529for every ϕ ∈ MA. Let D :A → A be a unique ring derivation as in Lemma 4. It follows
from (3) that
sup
{∣∣f̂ (a)(ϕ) − D̂(a)(ϕ)∣∣: ϕ ∈ MA}
= sup{∣∣n−s f̂ (nsa)(ϕ) − n−sD̂(nsa)(ϕ)∣∣: ϕ ∈ MA}
 n−s
∥∥f (nsa)− D(nsa)∥∥
 n−s 2ε|2 − 2p|
∥∥nsa∥∥p = ns(p−1) 2ε|2 − 2p| ‖a‖p.
Since s(p − 1) < 0 and since n ∈ N was arbitrary, it follows that f̂ (a)(ϕ) = D̂(a)(ϕ) for
every ϕ ∈ MA. Since a ∈ A was arbitrary, we obtain that f̂ (a) = D̂(a) for every a ∈ A,
and the proof is complete. 
Proof of Corollary 3. It follows from Theorem 1 that f is an exact ring derivation. Recall
that only the zero operator is the ring derivation, by a theorem of Hatori and Wada [5,
Corollary 2], since MA is assumed to have no isolated points, and hence f is necessarily
the zero operator. 
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